Homework 12

Recall that the set of keys for a Hill ciphers of size m on an n-letter alphabet
is

GLm(Zn) = {A € Matmxm<zn>’ det(A) € Z;}

where Mat,,xm(Zy,) is the set of all m by m matricies with entries in Z,.
Suppose p is prime and n,m € Z™T.
a) Consider the function
[ Matpxm(Zpn) — Maty,xm(Zy)
given by f(A) = Amod p. Prove

AeGLy(Zy) <= f(A) € GL,(Z,).

b) Prove that for each B € GL,,(Z,), there there are p™ ™" matricies
A€ GL,(Zyn) with f(A) = B.

Note, this proves that

|GLm(Zp"> | = p(n_l)m2 |GLm(Zp) |



