Homework 13

Recall that the set of keys for a Hill ciphers of size m on an n-letter alphabet
is

GL(Z,) = {A € Matyxm(Z,)| det(A) € Z7}
where Mat,,xm(Zy,) is the set of all m by m matricies with entries in Z,.

Suppose r, s € ZT with ged(r, s) = 1.
a) Prove that if a € Z, ged(a,rs) = 1 iff ged(a,r) =1 and ged(a, s) = 1.
b) Consider the function
[ Matyxm(Zys) — Matmyxm(Zy) X Matsn(Zs)
given by f(A) = (A mod r, A mod s). Prove that f is a bijection.

c) Prove that f(GL.,(Z,s)) = GLn(Z,) X GLy,(Zs).

Note, this proves that

|G Ln(Zrs)| = |G Lin(Zy)] - |G Lin(Zs)]



