OCTIC 2-ADIC FIELDS

JOHN W. JONES AND DAVID P. ROBERTS

ABSTRACT. We compute all octic extensions of Q, and find that there are
1823 of them up to isomorphism. We compute the associated Galois group
of each field, slopes measuring wild ramification, and other quantities. We
present summarizing tables here with complete information available at our
online database of local fields.

1. INTRODUCTION

This paper is one of three papers accompanying our online interactive database of
low degree p-adic fields, located at http://math.la.asu.edu/~jj/localfields.
The first paper, [8], describes the database in general and explains why low degree
p-adic fields warrant a detailed investigation. The next paper, [9], treats the second
hardest case in the range of the database, finding 795 isomorphism classes of nonic
3-adic fields and determining associated invariants.

In this paper, in a parallel way to [9], we treat the hardest case in the range of the
database, octic 2-adic fields. We find 1823 isomorphism classes of such fields and
determine their associated invariants. The main previous work on octic 2-adic fields
is [1] and its sequel [16]. These papers focus on the 130 non-trivial isomorphism
classes of Galois extensions of Qs with Galois group embeddable into the octic
group Sy = GLo(3).

Sections 2 and 3 catalog basic facts about resolvents and Galois groups respec-
tively. They take place over an arbitrary ground field F' of characteristic different
from 2. Sections 4 and 5 summarize our findings on octic 2-adic fields. They pro-
vide an overview of the actual table of octic 2-adic fields on the database, which
would run to approximately forty-five printed pages. These sections also discuss the
relation of this paper with [1] and [16] somewhat further, and indicate by reference
some applications to number fields.

2. RESOLVENT POLYNOMIALS

Resolvents are an important tool in Galois theory useful for both computing the
Galois group of a separable polynomial f(z) € F[z] and for computing subfields of
the splitting field of f(x). In this section we define various resolvents which will
be employed for these purposes in Sections 3 and 4, and also to compute slopes in
Section 5.

We briefly recall the general construction. If f(z) is a separable degree n polyno-
mial with a chosen ordering of roots 71, ...,7, € F, a separable closure of F, then
G = Gal(f) < S, in the usual way with permutations acting on the 7; through
their subscripts. A resolvent is associated to a pair of subgroups of S,,, H < T’
where G <T.
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Elements o € S,, give ring automorphisms of Fx1,...,x,] induced by o(z;) =
Ty(;). From the two groups H and I', one can construct a form A(wi,...,z,) €
Flxy,...,x,] such that the isotropy subgroup of A in I' is exactly H. Note that the
group actions on {v1,...,v,} and {z1,...,z,} are chosen so that for o € G < T,
they commute with the evaluation map x; — ;. The resolvent is then a product
over coset representatives:

H m_AU(’YIa--w’}/n): H x_A(’YU(l)a“wfyg'(n))'
ocel\H ocel'\H

We refer the resolvent as absolute if I' = S,, and otherwise as relative. Note that in
the case of absolute resolvents, one does not have to take care of ordering the roots
of f(x) since G <T =S, is then automatic.

In §2.1, we define three absolute resolvent constructions, indexed by degree,
f v fos, f— f30, and f — f35. More important for the sequel are two relative
resolvent constructions, f — fg and f +— fg, defined in §2.2 and §2.3 respectively.

Like all resolvent constructions, the ones we present here are defined initially at
the level of polynomials, and then automatically pass to the level of fields and sep-
arable algebras. Suppose f(z) is separable with K = F[z]/f(z) the corresponding
separable algebra. If f;(x) is separable, then K, is by definition F[z]/fq(x). If
fa(z) is not separable, then one presents K differently as F'[x]/g(x) such that g4(x)
is separable and defines Ky = F[z]|/ga(x). This process defines K; up to unique
isomorphism. In our applications, typically f is irreducible while the separable
polynomial defining Ky may not be. Thus typically K is a field while Ky factors
into fields according to how the polynomial defining it factors into irreducibles.

2.1. Absolute resolvents. Absolute resolvents of degree m for octic polynomials
correspond to conjugacy classes of subgroups in Sg with index m. The smallest
index subgroup is Ag = 749, which has index 2 and corresponds to the usual
discriminant. The next two subgroups in terms of index are S; and A7, and their
resolvents do not provide new information. Next are

[Ss: 56 x Sa] = 28, [Sg: T48] = 30, [Sg:TAT7] = 35,

with the T-numbering first introduced in [2] and reviewed in the next section. We
present the resolvents corresponding to these three subgroups here.
A standard resolvent for Sg x Ss is given by

(2.1) Jaise(x) = fas(z) = H(l’ — (i = 1))
i<j
This particular resolvent can be computed algebraically by the formula fog(2?) =

Resultant, (f(y), f(z +y))/z®.

For the degree 30 resolvent corresponding to the subgroup 748 = 23:GLs3(2),
we use the following from [3]. One starts with the form A(z1,...,28) = x1T22324,
and takes its trace with respect to elements of 748 acting on subscripts:

Ago(xl, “es 7J,‘g) = Z $0(1)$U(2)$0(3)$U(4) .
oeT48
The result has exactly T'48 as its isotropy subgroup. Then

fo@) = I @—A%m0m,....%)-

o€T48\Ss
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For the degree 35 resolvent corresponding to 747 = S%:2, we follow [13]. Let
Ass(w1,...,@8) = (31 + T2 + 3 4+ 24 — T5 — 6 — T7 — a8)° .

Then
fas(@) = H (@ — A5 (155 78)) -

o €T4T\Ss

Algebraic expressions for f +— f3g and f +— f35 are much more complicated than
the ones we give for f — fog above and the relative resolvents below.

2.2. The sextic relative resolvent. The sextic resolvent of this subsection is
relative in the sense that it requires K to have a quadratic subfield K5 and moreover
depends on the choice of quadratic subfield. Our resolvent corresponds to I' =
T47 = S%:2 and H = D, x Sy, but it is easier to construct as follows. Factoring f
over Ky gives

fl@) = (' +a2® +ba® + cx + d)(a* + az® + ba® + ez + d).

Replacing = by z —a/4 on the first factor and by z —a/4 on the second factor gives
a similar expression with coefficients (1,0, B,C, D) and (1,0, B,C, D). Applying
the usual cubic resolvent to each quartic factor gives

for(@) = (2° — (3B*>+36D)z + (2B* + 27C* — 72BD)) -
(2° — (3B* 4+ 36D)x + (2B® + 271C* — 72BD))
= (2% +uz +v) (2 +ax +0).

Already fs,-(z) is a usable sextic resolvent in F[z]. However it is better to apply
the mini-twinning operator from Proposition 1 of [17] to get

fo(x) = 25 — 6uaa® — 27vo2® + uPaa? + Sluawvx — (4ua® + 27a3v? + 27u%v?).

One advantage of fg over fg, is that one gets the clean statement (3.4). Another
advantage is that a column Kg, in Table 3.3 or Table 3.5 would have all entries
irreducible, while the the entries in the given Kg column are mostly reducible,
making it easier to distinguish octic Galois groups.

The only computationally non-trivial part of the construction f +— fg is the
initial factorization of f over its quadratic subfield. This can be reduced to factoring
a degree 16 polynomial over F by Algorithm 3.6.4 of [4]. It is thus substantially
simpler than factoring the absolute resolvents of the previous subsection.

2.3. The octic relative resolvent. The octic resolvent of this subsection is rel-
ative in the sense that it requires the field K to have a quartic subfield K, and
moreover depends on the choice of quartic subfield. Here I' = T44 = 2*:5, and
H = S, x Cy, but it is again easier to work directly with polynomials. If

f(z) = 2® + aa® + ba* +ca® +d

with K4 defined by fi(z) = 2* 4+ ax® 4 b2z? + cz + d then we can choose the ~y; such
that y44; = —; for i = 1,2,3,4. Then our resolvent, the product being over the
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eight possible sign combinations, is

fs(@) =[J(& = (m £ 72 £ 95 £74)%)
= 2% 4+ 8ax™ + (28a* — 16b) 2° + (564> — 96ab + 128c¢) x°

+ (70a* — 240ab + 512ac + 96b* — 2176d) x*

+ (56a° — 320ab + 768a*c + 384ab?* — 2560ad — 1024bc) x>

+ (28a°® — 240a*b + 512a3c + 576a2b* + 1280ad — 2048abc — 256b°
— 7168bd + 4096¢%)

+ (8a” — 96a°b + 128a’c + 384ab* + 1536ad — 1024abc — 512ab®
— 6144abd + 2048b%c + 8192¢d) x

+a® —16a°b 4 96a*b* — 128a*d — 256a2b> + 1024abd + 256b*
— 2048b*d + 4096d° .

This direct formula for fs was obtained by first expanding the product in terms
of the ;. The resulting coefficients are symmetric polynomials in the 7; which we
then expressed them in terms of the elementary symmetric polynomials a, b, ¢, and
d.

A point to note in this construction is that the discriminant of f(z) is d times
the square (16 disc(f4(z)))? while the discriminant of fs(x) is a perfect square in
F. Another point is that fg(z) factors over F(v/d).

When applying this construction to a field K, the automorphism o for K/K,
may not be given by o(z) = —z. Given o(z) = ZZ:O a;xz", we can replace f by g,
the characteristic polynomial of  — o(z), and then compute gg using the formula
above.

3. GALOIS THEORY OF OCTICS

Let f(xz) € Flz] be an irreducible octic polynomial. Let K = Flz]/f(x) be
its root field and let K9 C F be its splitting field. The group Gal(K9/F) is a
transitive subgroup of Sy, well-defined up to conjugation. We describe in §3.1-3.2
how we determine Gal(K9/F) among the fifty such octic groups.

We say that octic fields K and K’ are siblings if their splitting fields coincide.
Note that if K and K’ are defined by irreducible polynomials f(z) and f'(z) re-
spectively, it is possible that the T-numbers for Gal(f) and Gal(f’) are different.
In this case, Gal(f) is isomorphic to Gal(f’) as abstract groups, but the two groups
are not conjugate to each other in Sg. In §3.1-3.2 we also discuss ways of construct-
ing siblings of a given field K. In §3.3 we focus on this phenomenon, finding that
sibling sets can contain 1, 2, 3, 4, 6, or 8 isomorphism classes of fields, according
to the isomorphism class of the common Galois group Gal(K9/F).

The standard way ([3],[13]) to determine Gal(K9/F) is to factor the high degree
resolvents fog, f30, and f35, and occasionally also resolvents of even higher degree.
Our procedure is different, as we stay away from high degree resolvents as much as
possible, using the sextic and octic relative resolvents of §2.2 and §2.3 instead. For
F = Q5, one can a priori rule out ten of the fifty octic Galois groups. We use this
along with data for K/F to compute our octic Galois groups working only in fields
of degree < 8. The role of the high degree resolvents for us is to provide a quick



OCTIC 2-ADIC FIELDS 5

and easy way of constructing siblings. Note, while simple considerations leave 40
candidates for the Galois group of an octic, only 38 of these groups actually occur.

3.1. Five types of octic fields. For ground field F' = Q2, among the easiest
invariants to compute of a given field K is the lattice of subfields. Accordingly, our
approach throughout this section is to use subfields as much as possible.

We begin by dividing octic fields K into five types according to their intermediate
subfields F' C K, C K as follows. Type 24C consists of fields containing a chain

(3.1) FCK,CKysCK.

Type 24P consists of fields having exactly one subfield K5 of degree two and one
subfield K, of degree 4, with K4 not containing K5. This condition forces

(3.2) K=K,® K.

In our notation, “C” stands for chain and “P” for product, in accordance with
(3.1) and (3.2) respectively. Type 4 consists of fields with exactly one intermediate
subfield, with this subfield having degree 4. Type 2 consists of fields with exactly
one intermediate subfield, with this subfield having degree 2. Finally, type Prim
consists of fields with no intermediate subfields.

For general ground fields F', the largest possible Galois group Ggen for a field of
a given type is given in Table 3.1. All groups of a given type are subgroups of Ggen

TABLE 3.1. Generic Galois groups for the five types of octic fields.
Also degrees of the factor fields of the corresponding resolvent al-
gebras Kog, K3, and K3s.

Type chn | chn | K28 KSO K35 #
24C |T35 P 21212/27 16 855 4| 1683142 |16 845 829 21|26
24P |T24 Sy % 2 243 12124/86633211(12124331(3
4 |T44 W 21841273 24 4 16 12 2 248,13 |7
2 |T47 24:32: Dy 5412|2732 16 12 24 613 18161 |7
Prim|7T°50 Ss 2832517/ 28 30 35 7

and the number of them is given in the last column labeled #. As is standard, m
indicates a cyclic group of order m, x a Cartesian product, and : a semi-direct
product. Also ! denotes a wreath product, as in S4012 = S§%:2, 215, = 24: 94,
or 20202 = 2*:22:2. We systematically use the standard “I-numbering” first
introduced in [2]. We also use various more descriptive names. Here P stands for
Prime, as P is the Sylow 2-subgroup of Sg. Also W stands for Weyl, as W is the
Weyl group of the root lattices By and Cj.

The numbers in the column K, ignoring their subscripts and superscripts, give
the degrees of the factor fields of K4 when G = Ggen. A degree is printed in bold if
and only if the corresponding factor remains irreducible for all G within the given
type. Thus, for example, the table shows that factoring Ksg is an alternative way
of distinguishing the five types.

The columns K, also contain the first instances of a convention in force for
the five tables in the next subsection as well. This convention is that subscripts
on degrees indicate Galois groups via T-numbering while superscripts distinguish
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isomorphism classes within a row. Thus, a field of type 835 is an octic field whose

splitting field has Galois group 7'35. For such a field, the first row says that the

high degree resolvents construct all together four more octic fields, 845, 831, 8%,

and 839. In §3.3 we will see that 835, 8%, 845 are three fields from a sibling set of

size eight, while 831 and 899 are two fields from a sibling set also of size eight.
The other subscripted entries on Table 3.1 represent factorizations

(3.3) Kss = KuKsKs,
(3.4) K3y = KuKs

for Type 4 and Type 2 fields respectively. The Kg on the right of (3.3) is just
the octic resolvent of K; this can be seen directly from the fact that if o is a
root of fs(z) then 4o is a root of fss(x). The Kg on the right of (3.4) is just
the sextic resolvent of K. Since both the constructions K — K3y and K — Kg
are complicated, this is best seen by computing one example with G = S41 2, say
flx) = (2* + V2x + ﬂ)(QLA — 2z —/2) with ground field Q.

The five groups listed in Table 3.1 will serve as ambient groups for us, meaning
that we will consider subgroups inside of them. It works out that

|G| has the form 2° < G has type 24C,
|G| has the form 2% -3 or 2%-32, < G has type 24P, 4, or 2,
7 divides |G| < G has type Prim.

The fact that our division into five types is so nicely connected with the primes
dividing |G| should be viewed as coincidental. For example, Affy(3) = 3%: GLy(3)
is a primitive subgroup of Sy with order of the form 23°.

3.2. Distinguishing groups within the five types. We now consider the pos-
sible octic Galois groups by type. Tables 3.2-3.6 show how to distinguish Galois
groups within a type using, as much as possible, automorphisms, subfield informa-
tion, and low degree resolvents.

For each group, we give its T-number in the first column labeled G, descriptive
names, its order, and information for distinguishing it from other Galois groups.
For example, where useful, we give the automorphism group Aut(K/F) of the octic
extension in the column A, and quartic subfields in a column Kj.

Also Tables 3.2-3.6 give the number of fields with the given T-number in a
sibling set in the column labeled m. Finally, in the last column #, the tables give
the number of octic 2-adic fields with the given group. If the group can be ruled
out for simple reasons as a possible Galois group over Qa, a hyphen is used in place
of zero.

The column labeled “1” in each of the following tables gives discriminant infor-
mation. The discriminant of the octic field is represented as c¢. When there is a
unique quartic or a unique quadratic subfield, its discriminant is represented by b or
a respectively. The 1-column indicates when these values or products of them are
squares. Thus, if the group is an even subgroup of Sg, a ¢ will be listed. Similarly, if
there is a unique quartic subfield and its Galois group is an even subgroup of Sy, a
b will be listed. An entry such as bc indicates that the product of the discriminants
of the quartic subfield and the octic field itself is a square. If both b and c are
squares, we list b, ¢ instead.
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3.2.1. Type 24C fields. Of the 50 conjugacy classes of transitive subgroups of Sg,
26 of them are of type 24C. Most distinctions can be made by considering a combi-
nation of subfields, automorphism groups, and discriminant classes. The remaining
distinctions can be made with the octic resolvent Kg.

The fields of type 24C are presented in Table 3.2. We group them by the number
and Galois types of their quartic subfields. In each case, the sextic resolvent fg
factors as a product of an irreducible quartic times an irreducible quadratic. In

TABLE 3.2. Galois groups G of fields K of Type 24C. They are
distinguished by their quartic subfields, automorphism groups, and
octic resolvents Kg. For these groups, Kog, K3g, and K35 have
many factors. Only the octic factors with isomorphic Galois group
are listed, with 8% being abbreviated i*. Thus, e.g., the 16 85 4 |
16 831 4 2 | 16 845 829 2 1 on the first line of Table 3.1 becomes
simply 35" | | 35" here.

G| Name ||G]| A |Kus| 1 Ko | Ks Kog Kso Kss m| #
2 0402 23 0402 CZ‘/4 C 18
3|C3 213 |V e 1
4\Dg |28 | Dy |VuDZ| ¢ 18
9|DsCy 2% | Vi |VaD32| ¢ 9 9" 9" 99" |4 36
10|122:4 2% | Vi |CuD2| ¢ |CaCf 10’ 2| 24
18|V2 25| Vi | D} | ¢ |C:Cf 18’ 8 | 32
1|Cs 25| Cs | C4 |abbe|CsCa|CsCly 24
718:{1,5}2% | Cy | Cy |abbc|CyCo| T2 36
16(5[2*14 |2° | C2 | Cu |abbc|CsCa| T10 16’ 16’ 2 | 24
20(2%.4 25| Cy | Ci4 | ¢ |VaCy|DuD) 21 19 19’ 21 la| 24
27|24 .4 261 Cy | C4 | ab |DsCy| T19 28 28 2b| 96
5|Qs 221 Qs | Vu | be ViV 6
111Qs:2 24| Va | Vi | be Wi 1111 |11 11| 117 11" |3 | 48
21(32%2% (2° | Vi | Va | b T10 | 1919’ 20 191920 [la| 24
22(23:Dy (25| Cy | Vi | be ViVi 22" 22 22|22 22|22 22" 22"'|6 | —
31|P° 20 Cy | Vi | b T18 | 29 29’ 29" 29 29" 29" |2¢| 32
6(8:{1,7}2* | C2 | Dy | be |DsC2|DaDy 6' 6 6 2 | 32
88:{1,3}|2* | C4 | D4 | bc |DsCa| T4 36
15|18 : 8% |2° | Cy | Dy | be |DyCo| T9 15’ 15’ 2| 76
17422 25| Cy | Dy | be |DyCa| T10 17 2 | 96
1912%:4  |2° | Co | Dy | ¢ |VaCa|DyCy 21 19’ 20 21 2a| 48
26| pbe 26| Cy | Dy | be |DsCo| T18 26’ 26" 4| 96
28| pac 201 Cy | Dy | ac |CsCs| T20 27 27 2b| 96
29| p¢ 201 Cy | Dy | ¢ |VaCo|DyDj 31 29" 29" 31 6c| 96
30[Pebe |26 | Cy | D4 | abe |DaCo| T19 30’ 30" 4 | 32
35|P 27| Cy | Dy D4Cs| T29 35 35" 8 (384

the case of extensions of Qa, 722 can be ruled out a priori because it has Cj as a
quotient group.
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In column m, the isomorphy classes {719,720, 721}, {127,728}, and {129, T31}
are indicated by a, b, and c respectively. Our labeling indicates, for example, that
T31 octic fields come in pairs sharing a splitting field K9, and for each pair one has
six T29 fields with the same splitting field K9.

3.2.2. Type 24P fields. The three groups corresponding to type 24P fields are given
in Table 3.3. Since the quartic subfield does not contain the quadratic subfield, the

TABLE 3.3. Galois groups G of a field K of type 24P. They are
distinguished by either their sextic or octic resolvents.

G | Name |G‘ K4 1 K6 Kg m
13 A4 X 2 233 A4 b,C 030201 A4C3Cl
14 SECt 233 S4 ab,c 5’3010101 545301
24 S4 X 2 243 54 C S3S201 545301 2

—_
oo o |3k

octic field is necessarily the compositum of these two subfields.

3.2.3. Type 4 fields. The seven possible Galois groups of a Type 4 field are as in
Table 3.4. Weil [21] showed that there are no extensions of Qs with Galois group

TABLE 3.4. Galois groups G of a field K of type 4. They are
distinguished by their octic resolvents Kg. For a type 4 field one
has a factorization K39 = K16K12K5 and the factorization of Kig
is indicated.

G Names |G| K4 1 Kg K16 m #
12 144 SLQ(?)) 233 A4 b,C A4A4 812 812 0
23 54 GL2(3) 243 54 be 814 16 2 16
32 | Whe 23:4, | 2°3 | Ay | be| ALAY | 85,84, | 3 -
38 | Wb 244, | 263 Ay | b | 83 16 2 | 56
39 | We  23¢:8, | 263 | Sy | ¢ | SiSY | 85984y | 6 0
40 | Wbe  23be. g | 2631 G, | be | 834 16 2 8
4 | W 24 : S4 273 S4 841 16 4 144

T12 = SLy(3) = Ay. The group T32 is not possible because it has 5 quotients
isomorphic to Ay, whereas Qg has only one Ay extension. Like in Weil’s T'12 case,
the reason for the non-existence of 739 fields is subtle, depending on the non-
vanishing of an embedding obstruction; like for T'12, there are extensions of Qs
with Galois group every proper quotient of T'39.

3.2.4. Type 2 fields. The seven possible Galois groups of a Type 2 field are listed in
Table 3.5. The groups 745, T'46, and T47 are ruled out as possible Galois groups by
the resolvent field Kjg, since Q2 does not have sextic extensions with Galois groups
S x S3, C3:Cy, or C2: Dy (see [8]).
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TABLE 3.5. Galois groups G of a field K of type 2. They are
distinguished by the sextic resolvent Ky, which factors in the first
five cases but not in the last two. For a type 2 field one has the
a factorization K3y = K94 Kg and the factorization of Koy is also
indicated.

G | Name Gl | 1 K Kou m | #
33[2%:452 | 2°3 | ¢ | C3C2Ch 1285, 4 | 2 |14
341248, 23 | ¢ | S3C1CiCy | 124 47 4" 1
41 | 24:852 | 263 | ¢ | S3C2Ch 128,,4 | 2|36
42 24 : SgAg 2532 C 5303 1212 5
45 | 24: 83585 | 2632 | ¢ 5355 12 12 —
46 | 24:32:4 | 2632 | ¢ C’§ :Cy 24 —
47 | S402 2732 C2:D, 24 —

3.2.5. Primitive fields. The seven possibilities for the Galois group G of a primitive
field K are listed in Table 3.6. The factor partition of K3 distinguishes the seven
possibilities, except for 1725, T'36, and 748, all of which have factor partition 14,
8, 7, 1. This ambiguity is removed by considering the Galois group of the degree
seven factor, which has size |G|/8, thus 7, 21, or 168 in the respective cases. The
last five groups on Table 3.6 are non-solvable, and so cannot appear as a Galois
group over Qs.

TABLE 3.6. Galois groups G of a primitive field K. Over gen-
eral fields, they are distinguished by the factorization partition of
K3 together with the Galois groups of the septic factor of Ksg.
Over Q2 only 725 and T'36 arise and G = 125 if and only if
orda(disc(K)) = 14.

G | Name |G| 1 K3 Kss |m | #
25 | 23:7 237 c| 14855711 | 287, 2
36| 23:7:3 | 2337 c| 1483751 | 2874 14
37 | PSLy(7) | 23317 | c | 7575757511 | 2114 -
43 | PGLo(7) | 24317 14 14 2 21 14 -
48 | Aff3(2) | 26317 || 148751 | 287¢ | 2| —
49 | Ag 2632517 | ¢ 1515 35 —
50 | Sg 2732517 30 35 —

The method of inspecting the septic factor K7 of K3 is computationally feasible.
In fact, there are only two septic 2-adic fields, the unramified one with Galois group
71 = 7 and the totally ramified one with Galois group 73 =7 : 3.

However it is even easier to distinguish between 725 and T'36 using a general fact
about primitive extensions K of F' = Q, of degree p™ and discriminant exponent
¢ = ordp(disc(K)). In the language of Section 5, the Galois slope content of K
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must be [s, -, s]*. Here the wild slope s is ¢/(p™ — 1) and is repeated m times. It
satisfies 1 < s <2+ p%l with equality possible if and only if m = 1. The quantity ¢,
measuring tame ramification, is the denominator of s, i.e. (p™ —1)/ged(c, p™ — 1).
In our setting p™ = 8, one has ¢t = 1 if and only if ¢ = 14.

3.3. Siblings. Let K be an octic field and put G = Gal(K9/F) following our
standard notations. Consider subgroups H of index 8 such that the intersection of
H with its conjugates is the identity group. Let S be the set of conjugacy classes of
such groups. Then S naturally indexes the set of siblings of K. The T-number for
an element of S corresponds to the action of G on the cosets H\G. The size of S
and the corresponding T-numbers of its elements can be easily computed with [5].

9—09 11 19— 21 —19 22 22 922
E JNE |28 | EZ?%<§§§ |28
9—09 11 11 20 227 99 99

26 22 26 27298 3022 30 32
L Vot | |28 /X
26 — 26 98 = 27 30 — 30 39 39
18 18 20~~~ 31 35— > 35
/| / /| e /" e
18 ‘ 18 29 ‘ 20 |28 35<——35 |2
| | |
| | |
18 — | — 18 . 20—|—29 | 35<— —35
/
see text / s /30 ! / l /
18 31— ———29 35 ——> 35
39 — 39 44 ™ 44

/
39 39 4444
AN /

39 — 39

FIGURE 3.1. Octic sibling sets of size > 3. Resolvent constructions
for computing siblings are indicated by their degree, and quadratic
twists by 7.

To explicitly construct the sibling set of an octic field K, the resolvents we have
been using do not always suffice. They need to be supplemented by quadratic
twisting as follows. Suppose given a quartic subfield K, of K and an element d €
F*/F*2 Then if K4 = F[z]/g(z) and K = F[z]/g(x?) the associated quadratic
twist is K¢ = F[z]/g(dz?). One clearly has (K%)9F(v/d) = K9F(\/d). One has
the desired (K?)9 = K9 if and only if v/d is in both (K%)9 and K9.

The simplest situation is when the sibling set has size two, i.e. twins. This occurs
for exactly the groups T with ¢ € {6,10,15,16,17,24,33,41,48} or i € {23, 38,40}.
For the first nine groups, the twin of a given field K is obtained via resolvents, as
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specified on Tables 3.2-3.6. For the last three groups, quadratic twisting by the
discriminant of K gives the twin. In all twelve cases, it happens that a field and its
twin share the same T-number.

The larger sibling sets are described by the graphs in Figure 3.1. The vertices
give the T-numbers for the Galois group of the corresponding field. The edges
are resolvent or twisting constructions. We use different edge-styles for different
constructions and label one edge of each type. We put an arrow on an edge if the
construction works in only one direction. If repeating the construction takes us
back, then we put no arrows on the edge rather than two arrows. Often resolvent
and twisting constructions that are not included on the diagram also connect ver-
tices; we have included only enough to make each graph connected. In fact, we
need twisting only for 744 and T'18. On the graph for 744, 7, indicates twisting
by means of the discriminant of the degree k subfield.

The case of T'18 is the most complicated. Let K be an octic T18 field. Figure 3.1
indicates K by one vertex of a cube and its seven remaining siblings by the other
vertices. In the degree 32 Galois extension K9/F, there are six octic subfields with
Galois group Dy, say Fi,...,Fs. These fields correspond to the six faces of the
cube. A vertex for a field K is at the corner of the face for F; if and only if F; is
the splitting field of a quartic subfield of K. Thus, the figure reflects the fact that
K has three quartic subfields with different splitting fields.

Given a T'18 field K, we can pick two quartic subfields K and K. These choices
correspond to two faces of the cube which then share an edge e which has one vertex
at K. If we twist using K4 and disc(K}), or equally well K and disc(K4), we move
along the edge e. In contrast, if we twist using K4 and disc(Ky), we move diagonally
across the face corresponding to the splitting field of Kj; so this simpler type of
twisting is not by itself sufficient to pass from K to all its siblings.

4. OcTIC 2-ADIC FIELDS BY DISCRIMINANT AND GALOIS GROUP

The main result of this paper is a detailed description of the set of octic 2-adic
fields. The full description is at our website and Table 4.1 presents an overview.
Even Table 4.1 is somewhat complicated and in this section we describe it part-by-
part.

4.1. Mass formula totals. One of the easier invariants to compute of an octic 2-
adic field K is its automorphism group A. The mass of K is then defined to be 1/|A4|.
Table 4.1 gives |A|, which depends only on the Galois group G = Gal(K9/Qz).
Note, however, that it is much easier to compute A than it is to compute G.

Let f € {1,2,4,8} and put e = 8/f. Let K, r . be the set of isomorphism classes
of octic 2-adic fields with residual degree f, ramification degree e, and discriminantal
ideal (2¢). General p-adic mass formulas, [12, 20, 15], give the total mass of K¢ s ..
The set K150 has one element, the unramified octic extension of Q2; so its total
mass is 1/8. Table 4.1 gives on the lines M. the mass M, ;. of the remaining
nonempty K s ..

4.2. The main table entries. Once one knows the mass of K. y., there is a
procedure for obtaining a defining polynomial f;(x) for each element of /Cc ¢ [15].
Carrying out this procedure, we find the desired f;(x). Since the distribution of the
|A| was not known beforehand, it is only at this point that we know the numbers
|ICe,f,c|, not just their lower bounds M, ;.. The numbers |KC. ;.| are listed on the
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G[|A] 8§10 1214 1617 18 2021 22 24 25 26 27 28 29 30 31| Tot|m|2 2,p3 2,p5
187 1 2 1 16| 24| [2 4 8
2| 8 1 2 3 4 8 18] |1 6 18
3| 8 1 1 101
4| 8 2 2 28 4 18] |2 14 12
5| 8 2 4 6 2
6| 2 2 2 s 8 12| 32| 214 20 20
7| 4 1 1 4 6 24| 36| (1 6 20
8| 2 2 2 2 2 8 8 12| 36| |2 22 10
9| 4 4 44 4 48 8 36| 4| 28 24
10| 4 1 1,1 5 16 24| 212 8 24
11] 4 4 448 84 16 48| 3| 18 18
15| 2 8 4 4 4 16 16 24| 76| 2| 42 42
16| 2 1 1,1 1 4 16| 24| 2]2 8 24
17| 4 4 4 8 16 32 32| 96| 2(4 16 72
18| 4 8 8 16 32| 8] 24 8
19| 2 2 2 8 4 16 16 48(2al2 8 24
20| 2 1 1 2 4 16 24| all 4 12
21| 2 1 3 4 16 24| all 4 12
26| 2 8 8 16 32 32| 96| 4] 64 24
27| 2 4 4 8 8 8 32 32| 96[2bla 16 48
28| 2 4 4 s 8 8 32 32| 96/2bl4 16 48
29| 2 8 8 16 32 32 96|6c| 48 24
30| 2 8 8 8 8 32 32 96| 4]4 16 48
31| 2 8 8 16 32(2¢| 16 8
35| 2 32 32 32 32 64 64 64 64| 384| 8| 168 72
13] 2 1 2 4 7
14| 2 1 2 3
24| 2 2 4 4 8 18| 2
23 2 2 2 4 8 16| 2
38| 2 4 4 16 32 56| 2
40| 2 8 8| 2
44| 2 8 832 32 64 144
33] 1 2 4 8 14| 2
34[ 1 1 1
41] 1 2 2 16 16 36| 2
42| 1 1 4 5
25| 1 2 2
36| 1 11 2 2 4 4 14
#o 10 12 22
Mo 3.75 4
#4 2 12 56 52 52 82 256
M, 1.5 6 24 2/ 2, 32
#s 1 3 614 3032 30 68 64 64 152 128 128 144 128 128 128 2906|1544
Ms 1 2 4 81616 16 3232 32 64 64 64 64 64 64 64128

lines #. of Table 4.1. Summing over all e, f, ¢, we find that there are 1823 octic
2-adic fields in all. For a general treatment of passing from the simple numbers
M, .. to the more complicated numbers |KCe r .| in the context ord,(e) < 2, see [6].

The actual defining polynomials f;(z) for the fields are listed at our website. As
described in [8], the website gives many invariants of each K; = Qp[z]/fi(z). Some
of the invariants, such as subfields, are used in the computation of Galois groups,
as explained in the previous section. Naturally G itself is given on the website too.
Table 4.1 gives the number | ;.| of fields with a given (e, f, ¢, G). Numbers
in ordinary, italic, bold, and bold italic type, correspond to e = 8, 4, 2, and 1

respectively.
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4.3. Galois group totals. The column “Tot” gives the total number |g| of octic
2-adic fields with a given octic Galois group G' = T'i. The column “m”, as before,
including the a, b, ¢ labeling convention explained after Table 3.2, gives the number
mg of such octic fields having a given Galois field K9 as splitting field. Necessarily,
meq divides |[Kg].

When G is a 2-group, the number |Kg|/m¢g can be obtained in an alternative
way as follows. Let G be the absolute Galois group Gal(Q,/Qz). Let G(2) be its
maximal pro-2 quotient. Then an explicit presentation by generators and relations
is known, namely G(2) = (x,v, z|z?y32"lyz = 1), as a pro-2-group [14, p.359].
The number |Kg|/ma can then be computed as the number of quotients of G(2)
isomorphic to G. We computed this quantity using GAP [5] as a check on our
field-theoretic computations, finding agreement.

The six octic Galois groups which are embeddable in Sy are T1 = Cg, T4 = Dy,
T5 =Q, T8 = D4, T12 = fl4, and 723 = S,. From Table 4.1, these account for
24+ 18 +6 4+ 36 + 0+ 16 = 100 octic 2-adic fields. In terms of Galois extensions,
S, contributes only 8. The remaining 130 — 92 = 38 studied in [1] and [16] come
from non-transitive subgroups of Sg, of orders 2, 3, 4, 6, and 12.

4.4. Connections with number fields. The last block of columns in the case
of Type 24C groups summarizes some connections with number fields. The “27,
“2,p3”, and “2,ps” columns give the number of octic number fields with discrimi-
nant £2%, +29p4, and £2p? respectively, and the indicated Galois group. Here p3
is any prime congruent to 3 modulo 8 while p5 is any prime congruent to 5 modulo
8. The independence of the enumeration on the odd prime is part of Example 11.18
of [11], which also says that for all these fields the global Galois group agrees with
the 2-decomposition group. The Galois theory of Section 3 applies in these global
contexts as well, and so any integer in the m column divides all the integers to its
right. The totals of the “2”7, “2 p3” and “2,ps” columns are respectively 36, 579,
and 621, while the total number of Type 24C 2-adic fields is 1499.

Using the results of this paper, it is proved in [19] that the the 579 octic 2-adic
fields which globalize to fields of discriminant +2%3% are exactly the same as the

579 fields which globalize in the case ps = 11, 19, .... Similarly, the 621 octic
2-adic fields which globalize to fields of discriminant +295° are exactly the same
as the 579 fields which globalize in the case p; = 13, 29, .... This statement is

not contained in Example 11.18 of [11] as indeed this example extends to arbitrary
degree 2¥ while the stronger statement on 2-adic ramification fails for k > 4.

Also using the results of this paper, especially the slope information in the next
section, it is proved in [7] that the only number fields of degree < 15 unramified
outside of two are the octic fields enumerated in Table 4.1 and their subfields.
Similarly, [10] analyzes 2-adic ramification of number fields in this degree range but
with primes outside of two allowed to ramify.

5. GALOIS SLOPE CONTENT, INERTIA GROUPS, AND ROOT NUMBERS

Our website also gives invariants of fields beyond those that are needed to obtain
Table 4.1. §5.1-5.3, §5.4, and §5.5 discuss Galois slope content, inertia groups, and
local root numbers respectively.

5.1. Slopes. Our approach to measuring higher ramification by slopes is described
in detail in [8]. In our approach, only upper numbering of ramification subgroups
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enters. In the approach in [1] and [16], lower numbering appears naturally. In this
subsection, we briefly review our approach.

It is convenient to indicate the degree of a p-adic field by a subscript and the
discriminant exponent by a superscript. As explained in [8], a given p-adic field K
contains a canonical chain of subfields, starting at Q, = K? and ending at K = K¢.
If Ky C K, flfl are two adjacent members of this chain then the corresponding slope
is
(5.1) g= SHLT G
Niy1 — Ny
Slopes strictly increase as one goes up the canonical chain, and the canonical chain
is characterized by being the chain where slopes increase as slowly as possible.

The rational numbers which can arise as slopes are 0, 1, and rational numbers
greater than one, corresponding to no ramification, tame ramification, and wild
ramification respectively. Given a slope s, let K C K" be the corresponding
step in the chain, of relative degree mg. If s is a wild slope, then ms must have the
form ps for £, a positive integer. We indicate all the slopes by writing

(52) SC(K) = [81,...,8j]m0

mi?

with each wild slope s repeated £ times between the square brackets. Here the
superscript is omitted if 0 is not a slope and the subscript is omitted if 1 is not a
slope. Also SC stands for slope content.

The theory can be applied not only to the given p-adic field K but also to
its splitting field K9. We put GSC(K) = SC(KY) and talk about the Galois
slope content of K. The Galois group Gal(K9/Q,) has a descending filtration by
higher ramification subgroups Gal(K?9/Q,)® and m; is the size of the quotient of
Gal(K9/Q,)® by the next smallest ramification subgroup.

5.2. Sample computations of Galois slopes. The website gives GSC(K) for
all the octic 2-adic fields K. In [8] we present several Galois slope computations,
including one in the context of octic 2-adic fields. Here we present two more com-
plicated Galois slope computations, so as to more completely illustrate the general
method.

As our starting fields we take K27 and ngg , defined by

fra(z) = 2% — 42% — 182* — 162% — 2,
fep(z) = 8 — 422* — 7227 — 18.

From Section 3, we know that in each case the Galois group is 735, of order
128 = 27. So there are seven slopes to be found in each case, counting a slope
s having m, = 2% as appearing with multiplicity £,.
For * = a,b the complete list of subfields is
KYc K2, c Kj, c KZT.

So, using (5.1) three times, one has SC(K27) = [2,3.5,4.5] for both * = a and * = b.
Next we apply our usual octic resolvent from §2.3 to get fields L3 and L29
defined respectively by

gsa() = 2% + 82°% 4 722" + 4802% + 1296,
gsp(z) = 2 — 42® 4+ 62 + 1222 + 9.
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From Table 3.2 we know that the Galois group is 729 in each case. The complete
lists of subfields are

LY C L3, C Lig € L,

LY cLy cLy) L.
So, applying (5.1) several times again, one has SC(L21) = 3
[3,3.5,4]. So far, we have seen five slopes in each case, 2, 3,
and 2, 3, 3.5, 4 and 4.5 for K§,.

To find the remaining two slopes we apply our usual octic resolvent again, and
get algebras Mg, and Mg, defined by

hsa(z) = (z* — 62 + 3) (z* — 32% +3) ,
hsp(z) = (z* — 62% + 3) (2" — 62° +12) .

,3.5,3.5] and SC(L2) =
3.5, 3.5 and 4.5 for K§,

All four of the printed quartics have Galois group Dy, in conformity with Table 3.2.
In the first case, the Galois slope contents of the two quartics are [2,3,3.5] and
[2,2]? respectively. So, using the second quartic alone, we conclude that

GSC(Kg.) = [2,2,3,3.5,3.5,4.5]%.

Here, we have put three wild slopes in bold, to indicate that they are the three
slopes in the original set SC(Ks,).

In the second case, the Galois slope contents of the two quartics are [2,3,3.5]
and [2, 3]%, which is not enough to reach a conclusion. We take the compositum of
the quadratic subfield Qo (v/—2) of the first quartic with the second quartic field
Qa[z]/(z* —6224+12) to get 284225+ 3x* — 422 +1 with Galois group T9 = Dy x Cs.
From Table 3.2, this field has three quartic subfields, one of which is defined by
x* 4 223 + 322 — 42 + 1. This quartic has Galois slope content [2,2]%. So now we
have seen that the slope 2 indeed occurs with multiplicity two, and so

GSC(Kg) = [2,2,3,3.5,4,4.5]°.

5.3. Summarizing slope tables. Tables 5.1 and 5.2 give the lists of Galois slopes
which can arise from octic fields with a given non-primitive Galois group G and a
given discriminant exponent ¢. If 2% exactly divides |G| then a slopes are listed,
counting multiplicities. The slopes which correspond to subquotients of order 3 are
either 0 or 1 and explained in the text. Following the convention introduced in the
last subsection, the three slopes of K itself are put in boldface while the remaining
slopes of K9 are put in ordinary type. So if the three slopes in bold are s; < s5 < s3
one always has ¢ = s1 + 259 + 4s3. If two fields K; and K5 are siblings, then the
corresponding lists of Galois slopes agree, although the font may be different in the
case |G| = 2%,

Except for the type 24P groups T'13, T14, and T24, the left block of Table 5.2
consists of type 4 groups and the right block consists of type 2 groups. Each type
4 field is part of a packet of eight, via twisting. A packet is always put on a single
line, even when twisting sometimes changes one of the slopes. The octic resolvent
of a type 4 field depends only on the packet it is in and is given to the immediate
right. For type 4 fields, always the largest slope is lost. In the case of type 24P,
a twist packet consists of seven fields and an algebra which is a product of two
quartic fields. Either the seven fields all have Galois group 7'13 or six have Galois
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TABLE 5.1. Slopes in octic 2-adic fields with |G| = 2°
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group 724 and one has Galois group 714. Fields in a twist packet with the same

Galois group are again put on one line.

The groups T'13, T'33, and T'38 have an A3 quotient but not an Ss quotient. The
groups 114, T23, T24, T34, T40, T41, and T44 have an S3 quotient but not an

its order, has both an Az quotient and an Ss quotient. Corresponding to the 3°
factor of |G, one gets a slope of 0 from an A3 quotient and a slope of 1 from an

As quotient. The group T42, the only one on Table 5.2 with 32 exactly dividing
S35 quotient. Note that the groups with just A3 as a quotient also have Ay as a

quotient and thus a corresponding field has at least two 2’s among its wild slopes.

Similarly, most groups with just S3 also have a unique S; quotient and thus a

corresponding field has at least two ¢/3’s among its wild slopes, with ¢ = 4 or

¢ = 8. The groups 740 and 733 have three S;’s as quotients, which account for
the contribution [4/3,4/3,8/3,8/3)3. The remaining group 742 does not have Ay
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TABLE 5.2. Slopes in octic 2-adic fields with |G| = 223° corre-
sponding to subquotients of size 2.

G c Slopes # lG c Slopes #l
13 (12, 14,18) 2,2, (0, 2, 3) (1,2,4)

23 (10,12, 16) 0, 1.33, 1.33, (1.5, 2, 3) (2,2,4)] [14 8 0,1.33,1.33 1

22 0,2.67,2.67,3.5 8 16 0,2.67,2.67 2
24 (12,16) 0,1.33,1.33, (2, 3) (2,4)
(18,20) 0,2.67,2.67,(2,3) (4,8)

38 (16,18) 2,2,2,2,(2.5,3) (4,4) 33 12 0,2,2,2,2 2

20 2,2,2,3,3,3.5 16 20 2,2,2,3,3 4

21 2,2,3,3.5,3.5,3.75, 32 24 2,2,3,3.5,3.5 8

10 22 0,1.33,1.33,2.67, 2.67, 3.5 3 34 16 0,1.33,1.33,2.67,2.67 1

44 (14,16) 0,1.33,1.33,2,2.33,2.33,(2.5,3) (8,8) 41 16 0,1.33,1.33,2,2.33,2.33 2

18 0,1.33,1.33,2,2.67,2.67 2

17 0,1.33,1.33,3,3.17,3.17,3.25 32 22 0,1.33,1.33,3,3.17,3.17 8

24 0,2,2.67,2.67,3.33,3.33,4 32 22 0,2,2.67,2.67,3.33,3.33 8

25 0,2.67,2.67, 3, 3.83,3.83, 4.25 64 26 0,2.67,2.67,3,3.83,3.83 16

42 8 0,1.33,1.33,1.33,1.33 1

16 0,2.67,2.67,2.67,2.67 4

as a quotient; nor does it have Sy as a quotient, despite the fact that wild slopes
4/3 and 8/3 appear.

Finally, the two fields with G = T'25 have Galois slope content [2,2,2]7 while
the fourteen fields with G = T'36 have Galois slope content [c¢/7,¢/7,¢/7]3. The set
of latter fields naturally has the structure of two projective planes over F5. One
plane consists of the fields with ¢ a square modulo seven, thus ¢ € {8,16,18}. The
other consists of the fields with ¢ a non-square, thus ¢ € {10, 12,20}.

The sample computations of the previous subsection began from two of the
64 fields with (G,c¢) = (735,27). From Table 5.1, we see that Kg, represents
how 32 fields behave while Kgj represent how the other the 32 fields behave. All
together, Table 4.1 shows that 134 different (e, f, G, ¢) actually arise with G a 2-
group. Table 5.1 says that 126 correspond to a single possibility for Galois slope
content while 8 correspond to two possibilities. Similarly, Table 4.1 shows that 33
different (e, f, G, c) arise with |G| = 223%. Table 5.2 says that 32 give just a single
associated Galois slope content, with only (e, f, G, c) = (8,1,T41,22) yielding two
possibilities.

5.4. Inertia groups. The Galois slope content GSC(K') completely describes the
subquotients of the slope filtration on Gal(K9/Q2). For some applications, it is
important to go further and have a complete description of the slope filtration itself.
Such a description is given in [16] when Gal(K9/Qs) is embeddable in Sy.

Our website takes the first step in going beyond GSC(K) by describing the inertia
group Gal(K9/Q2)'. When K is totally ramified, Gal(K9/Qs)! is a transitive
group, and the database gives its T-number. When K is not totally ramified, the
database gives its isomorphism type.

As a simple example, consider the 384 octic 2-adic fields with Galois group the
largest possible 2-group, namely 735. Since T35 has T3 = C3 as a quotient, it
must have 0, 2, and 3 as slopes. Since T35 does not have C4 as a quotient, the
slope 0 must occur with multiplicity one. Both of these observations are confirmed
by Table 5.1 and together they say that Gal(K9/Q5)! has index two and thus order
sixty-four.
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From either Table 4.1 or Table 5.1 one sees that all 384 fields in question are
totally ramified, and thus Gal(K9/Qz)! is transitive and not Dy x D4. There are
six possibilities, 726 through 731. The database shows that they occur with equal
frequency as inertia groups, sixty-four times each.

5.5. Root numbers. For each octic 2-adic field K, the database gives the root
number €(K) € {1,4,—1,—i} as explained in [8]. These root numbers both assist
in classifying fields by means of their invariants and in describing obstructions to
embedding problems. The approach in [1] uses root numbers fundamentally. In
contrast, we find our fields by other means, as explained in [8]. We then simply
compute the root numbers at the end, so as to increase the utility of our database
in applications.

As a simple example, consider the fourteen fields with Galois group 7'33, which
come in seven twin pairs. Each twin pair consists of one field with root number
—1 and one field with root number 1. The field with root number —1 arises as the
octic resolvent of 738 fields while the field with root number 1 does not.

As a closely related but more complicated example, consider the thirty-six fields
K with Galois group 7'41, which come in eighteen twin pairs. These fields are
classified by triples (d, K4,€¢). Here Qa(v/d) is the quadratic subfield of K, Ky
is the unique Sj-quartic with K C K9, and € is the root number of K. The
possibilities for d are the six ramified discriminants, —1, —%, 2, 2%, —2, —2x%, with
% denoting the unramified discriminant. The possibilities for K4 have defining
equations z* + 22 + 2, * + 42 + 2, and z* + 422 + 4z + 2 and root numbers ¢, = 1,
1, and —1 respectively. The possibilities for ¢ are 1 and —1. If a T41 field K has
invariants (d, Ky, €) then its twin has invariants (xd, K4, e4€). The field K arises as
the octic resolvent of T'44 fields if and only if (d, *)eqes = 1, where (-,-) indicates
the Hilbert symbol.

The examples just presented and others were originally simply observed from our
database. However the behavior of root numbers in these examples also follows from
obstruction formulas valid over arbitrary ground fields of characteristic different
from two, as proved in [18].
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